We investigate D=4, N=1 F theory models realized by type IIB string compactification on toric threefolds. Massless spectra, gauge symmetries, phase transitions associated with divisor contractions and flops, and non-perturbative superpotentials are analyzed using elementary toric methods.
Introduction
F theory [34, 27, 28] provides a remarkable way of D=4, N=1 string compactification [10, 9, 22, 32, 25, 35, 36, 23 ] on a elliptic Calabi-Yau fourfold π : X 4 → B 3 . In F theory, complex moduli and E 8 ×E 8 gauge bundle moduli of the dual heterotic string are unified into the parameters of X 4 [28, 8] . F theory also enables us a practical way of evaluating non-perturbative superpotential [36, 15, 9, 23] . The aim of this article is to provide several examples of D=4 F theory models realized by type IIB compactification on toric threefolds [26, 1, 30, 18] and to describe explicitly their massless spectra, gauge symmetries, phase transitions and non-perturbative superpotentials. The organization of this paper is as follows: In section 2 we describe the elements of D=4 F theory compactification. In section 3 we treat examples of models which don't have non-Abelian gauge symmetry. In particular we describe the quantum numbers and the blowing-up/down transition scheme of the toric Fano threefold models. In section 4 P 1 bundles over P 2 models which we call G n are analyzed in some detail. Here we compute the physical Hodge numbers as well as the non-Abelian gauge symmetry which arises for generic choices of the parameters. Then we show that the transition between G n models can be described as a blowing-up/down of toric threefolds. Dual heterotic string description of this transition including non-perturbative vacua is also presented. In section 5 we give a example of the flop transition which interpolate between two heterotic strings compactified on different elliptic Calabi-Yau threefolds. In section 6 we treat P 2 bundle over P 1 models. In section 7 we deal with P 1 bundle over F a models. Particular emphasis is placed on those models that can be described as Landau-Ginzburg orbifolds. In section 8 we consider the effect of type IIB three-brane wrapped around an exceptional divisor of a toric threefold. We show that it induces a non-perturbative superpotential. We also compute the change in physical Hodge numbers for a contraction of an exceptional divisor. In appendix we show the toric data of some Fano threefolds.
While completing this work we got a preprint [24] via hep-th archive which have some overlap with our results.
D=4 Compactification of F Theory

Toric Threefold and Elliptic Calabi-Yau Fourfold
First we describe the construction of a toric threefold B 3 [26, 37] and the elliptic Calabi-Yau fourfold X 4 over it [9, 25, 22] which is described as a Weierstrass model [27, 28, 29, 20] . Let (x 1 , ..., x n+3 ) be the homogeneous coordinates of B 3 , Q a i the a-th U(1) charge of x i , where a runs from 1 to n, and
be the a-th Hamiltonian. Then the toric threefold B 3 associated with the above data is defined by the Hamiltonian quotient
If we define the excluded set E(r a ) to be the set of the points the C * n -orbit of which doesn't intersect with {D a = 0, a = 1, .., n}, then we have another realization of B 3 as the holomorphic quotient:
2)
The total space of radii vectors (r a ) such that {D a = 0, a = 1, .., n} is not empty is divided into the Kähler cones according to the topology of B 3 , which constitutes the phase diagram of the model [35] . We realize the elliptic fibration π : X 4 → B 3 as follows:
where (z 1 , z 2 , z 3 ) is the homogeneous coordinate of P (1, 2, 3) and the coefficients F and G take value in Γ(−4K B ) and Γ(−6K B ) respectively. In terms of toric data, this simply means that a-th U(1) charges of F (x) and G(x) are 4 n i=1 Q a i and 6 n i=1 Q a i respectively. Note that X 4 is realized by a hypersurface in the toric fivefold with the homogeneous coordinates (x 1 , .., x n+3 ; z 1 , .., z 3 ). In the type IIB picture of F theory: F theory on X 4 = type IIB theory on B 3 , (2.4) the axion/dilaton of type IIB theory τ (b) := φ r + i exp(−φ ns ) depends on the position b ∈ B 3 and is identified with the modulus of elliptic fiber over b.
Then the degeneration of elliptic fibers at the discriminant locus
is interpreted as the insertion of the seven-brane [21, 19, 34] the world volume of which is S 2 × R 4 . There is a D = 8 duality between F theory and heterotic string:
type IIB string on P 1 ∼ = heterotic string on E(τ ), (2.5) where the axion/dilaton of type IIB side at generic points of P 1 is identified with the modulus τ of the elliptic curve E above [28] . If we consider type IIB compactification on a threefold with a P 1 fibration π : B 3 → S 2 , then the fiberwise application of (2.5) leads to heterotic string compactified on the elliptic fibered Calabi-Yau threefold Y 3 over S 2 . If a P 1 fibration B 3 is not a genuine P 1 fiber bundle, then the dual heterotic string would be a nonperturbative one with five-branes.
Spectrum
A part of the massless spectrum of F theory model in four dimensions may be derived from M theory on X 4 by further compactifying on S 1 owing to the duality: 6) where the area of the fiber torus in the right hand side is 1/R. We can then go to the Coulomb phase by giving the VEV to scalars of vector multiplets in D = 3 [34, 27] . Unfortunately in M theory model above, a vector multiplet is indistinguishable from a chiral multiplet because in three dimensions a vector is equivalent to a scalar. Thus there would be an ambiguity in identification of the numbers of chiral and vector multiplets. Comparing M theory compactification on X 4 and type IIB theory compactification on toric B 3 , we propose the following identification of the spectrum H 2,2 is also important because they enter into the theory as the vacuum expectation value of the F/M/IIA theory 4-form field strength on X 4 [6, 25] . The topological invariants of a Calabi-Yau fourfold are
From the last two equations, we obtain a constraint on the spectrum: 12) which can be used as a consistency check of the spectra of various models treated below.
Spectrum of Toric Hypersurface
When X 4 is a hypersurface in a toric fivefold as our case and the Newton polytope ∆ of which is reflexive, the Hodge numbers of a MPCP (maximal projective crepant partial) resolution of X 4 ,which is independent of the choice of a MPCP resolution, are determined from the combinatoric data of the ambient toric variety [4, 5] ;
where Θ is a face of the Newton polytope ∆, l 0 (Θ) the number of integral points inside Θ, and Θ * the dual face of Θ such that dim Θ + dim Θ * = 4. It must be noted here that the reflexivity of the Newton polytope does not assure the existence of a smooth resolution of the Calabi-Yau fourfold X 4 . A MPCP resolutionX 4 of X 4 may leave terminal point singularities that cannot be resolved without destroying the Ricci flat condition. For example the (non-elliptic) Calabi-Yau fourfold X 4 = P (1,1,1 (1,1,1,1,4,4) [12] which has three Z 4 singular points which can be blown-up to P 3 and h 1,1 = 1 + 3. We conjecture that string theory on a Calabi-Yau fourfold X 4 which has at most terminal point singularities is well-defined at the perturbative level as we can realize such models as Landau-Ginzburg or torus orbifolds. Hence we may restrict ourselves here to the Calabi-Yau fourfolds the Newton polytopes of which are reflexive. Among them the models which can be described as a Landau-Ginzburg orbifold are of importance because (the mirror dual of) the intersection form:
, which contributes to the electric charge of F/M/IIA theory 4/3/2-form gauge field C (4/3/2) [6, 17, 25] according to 
and the superpotential anomaly
where D 3 (W 2 ) is a Euclidean world volume of F/M/IIA theory five-brane (type IIB theory three-brane) which induces a non-perturbative effect [7, 36] , and we have used the integration along the elliptic fiber [32] . A threefold is called Fano if its Ricci tensor is positive definite. It serves as a good example of smooth Weierstrass models. The toric Fano threefolds are completely classified [30] and are given in Figure  2 . They are called as F n , 1 ≤ n ≤ 18.
Phase Structure of F 12
Here we choose a specific example F 12 to explain blowing-up/down transitions shown in Figure 2 . The toric data of F 12 is given by the following homogeneous co-ordinates and the charge assignments;
The total Kähler cone K tot is spanned by the three vectors K tot := R ≥0 e 1 , e 2 , e 3 , which is further subdivided into five Kähler cones according to the topology of the resulting toric threefold F n , n = 1, 2, 3, 5, 12.
The phase diagram is given in Figure 1 . The phase transition at each phase boundary is described as follows.
• On the phase boundary of V and II, the divisor {x 6 = 0} ∼ = P 1 (x 2 , x 3 ) × P 1 (x 1 , x 4 ) of F 12 contracts to the two cycle P 1 (x 2 , x 3 ).
• On the boundary between V and III, the divisor {x 5 = 0} ∼ = P 2 (x 1 , x 2 , x 3 ) of F 12 contracts to a point.
• On the phase boundary between V and IV, the P 1 fibers of the divisor
• On the phase boundary of III and I, the divisor {x 6 
• On the phase boundary between II and I, the divisor {x
Indeed we expect these phase transitions 2 to occur by changing the VEV of the chiral supermultiplets associated with the cohomology class H 1,1 (F n ). 2 Although we don't take into account any quantum corrections to the Kähler moduli space, we expect that pure classical treatment here would suffice to see qualitative structures of the phase transitions.
The phase structure of our model is summarized in Table 1 . 
Toric Fano Threefolds
According to the diagram of the eighteen toric Fano threefolds in Figure 2 , there are three members that are on 'the top of the diagram': F 18 , F 17 and F 11 . The remaining members are obtained by the successive blowing-downs of one of the above three.
In Figure 2 , a solid line with n(l) means a blowing-down of the exceptional divisor F n with the normal bundle of type (m, l) = (−1, l) (see section 8) to P 1 , while a dotted line means a blowing-down of the exceptional divisor P 2 to a point. Therefore it will suffice here to describe only the three top Fano threefolds. The remaining (non-trivial) members shall be found in the subsequent sections and Appendix A. 
Figure 2: Toric Fano Threefolds
The toric data of F 18 is given by the following charge assignment.
We have chosen the combinations of charges so that the excluded set is manifest in this expression, namely the coordinates that has a positive charge, e.g.
It is clear in (3.4) that F 18 has a structure of non-trivial S 3 bundle over P 1 , where S d is the del Pezzo surface of degree d [28] . The blowing-downs of the divisors {x 2,6 = 0}, {x 4 = 0}, and {x 3,5 = 0} give rise to F 15 , F 16 , and F 14 respectively. F 17 is isomorphic to S 3 × P 1 . Its toric data is as follows;
Any blowing-down of {x i = 0}, 1 ≤ i ≤ 6 leads to F 13 . The toric data of F 11 is as follows.
There are two exceptional divisors: the blowing-down of {x 6 = 0} and that of {x 1 = 0} give F 3 and F 4 respectively.
Quantum Numbers of Toric Fano Models
The Euler number of the toric Fano model can be computed by intersection paring formula (3.1). The Hodge numbers of it can also be known by analyzing the combinatoric structure of the Newton polytope ∆ and the polar polytope ∆ * (2.13). We collect in Table 2 the quantum numbers of the toric Fano threefold models. We also give some identifications of the above models. 
Other Smooth Models
A Ricci semi-positive toric threefold which is not Fano has a curve C ∼ = P 1 , called (−2) curve, about which the type IIB axion-dilaton τ is constant, i.e. the normal bundle N of C is a non-compact Calabi-Yau threefold, which has the following expression:
This is in contrast to the case of a Fano threefold, where any P 1 in it has a normal bundle of the type (a, b) with a + b ≥ −1, pierced by 10(a + b) + 18 seven-branes [35] . The existence of a (−2) curve C in Ricci semi-positive threefolds is of physical importance because a string with N=2 supersymmetry is produced by wrapping type IIB three-brane around C. We give some examples of Ricci semi-positive models and their (−2) curves. First there are models which has P 1 of type (a, b) = (−1, −1). It is well-known that such P 1 induces a flop transition. For example, each of the following divisor: {x 1 = 0} of F 18 , {x 1 = 0} of F 14 , or {x 6 = 0} of F 7 is isomorphic to F 0 and can be blown down to give a Ricci semi-positive threefold with a (−1, −1) curve. For another example we present T which is obtained by blowing-up P 3 (x 2 , x 4 , x 6 , x 8 ) around the four points (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0) and (0, 0, 0, 1) [18] . The toric data of T is as follows.
Here we give the quantum numbers of the T model computed from Batyrev formula:
To see the flops that T admits, it is useful to show the triangulation of S The flop transition shown in Figure 4 means that P 1 (x 1 , x 3 ) ∼ = {x 2 = x 4 = 0} is contracted and replaced by P 1 (x 2 , x 4 ) ∼ = {x 1 = x 3 = 0}. From the fan in Figure 3 , we see that T admits six flops;
Accordingly, T model gives rise to six tensionless strings carrying N = 2 supersymmetry.
Second O 2 model is defined by the following toric data: (3.11) where the excluded set is {x 1 = x 2 = 0} ∪ {y 1 = y 2 = y 3 = 0}. The curve {y 3 = x i = 0} has the normal bundle O P 1 (−2) ⊕ O P 1 . Third G 3 model is defined by the toric data: (3.12) where the excluded set is {x 1 = x 2 = x 3 = 0} ∪ {y 1 = y 2 = 0}. The curve defined by {y 2 = x i = 0} has the normal bundle O P 1 (−3) ⊕ O P 1 (1).
P
1 bundle over P 2 models
Model
Here we treat the threefold which we call G n defined by the toric data below;
where the excluded set is E = {x 1 = x 2 = x 3 = 0} ∪ {y 1 = y 2 = 0}. It has a P 1 fiber bundle structure over P 2 , π : G n (x, y) → P 2 (x). Thus type IIB compactification on G n is dual to heterotic compactification on the elliptic Calabi-Yau threefold Y 3 over P 2 , which can also be realized by the weighted projective hypersurface P (1,1,1,6,9) [18]. G n model in D=4 is close analogue of F n model in D=6 [27, 28] . The toric data for the elliptic Calabi-Yau fourfold over G n is given by It can be seen that for 0 ≤ n ≤ 3, G n model has generically no non-Abelian gauge symmetries. The first three of them are identified with the toric Fano threefolds encountered before;
For 4 ≤ n, several seven-branes inevitably coincide on the exceptional cross section divisor {y 2 = 0}, producing non-Abelian gauge symmetry. We have checked using the program PORTA [14] that for n ≥ 3 the Newton polytope of the elliptic Calabi-Yau fourfold is isomorphic to that of P (1,1,1,n,2(n+3),3(n+3)) [6(n + 3)], which is reflexive for n ≤ 18. Thus we can analyze the spectrum by going to D=3 M theory Coulomb phase [27] and then using the Vafa formula for the Landau-Ginzburg orbifold [33] if P (1,1,1,n,2(n+3),3(n+3)) [6(n + 3)] admits a transverse hypersurface [13] , which occurs for n = 3, 4, 6, 9, 12, 17, 18. We can also apply the Batyrev formula (2.13) even for the remaining cases [11] as in the case of D=6 [12] .
We list the quantum numbers of the models in Table 3 . The singularity Table 3 : Quantum Numbers of G n Models h Table 3 means the one at {y 2 = 0}. As for the non-Abelian gauge symmetry localized at {y 2 = 0}, we remark that the prediction (2.7) of the rank of the gauge group (h 1,1 − 3) seems consistent with the singularity type of the elliptic fibration analyzed by [28, 2, 8] : SU 2 (n = 4), G 2 (n = 5), SO 8 (n = 6), F 4 (n = 7, 8), E 6 (n = 9), E 7 (n = 10, 11, 12), E 8 (n = 13 − 18). The reduction of the gauge groups to non-simply laced ones at the singularities of non-split type: SU 2n → Sp n , SO 8 → G 2 , E 6 → F 4 have been explained in [2, 8] .
G n /G n+1 Transition
If we blow up G n+1 around the toric 2-cycle {y 1 = x 1 = 0} ∼ = P 1 , we obtain the toric threefold H n associated with the toric data;
with the excluded set
There is an identification; H 1 ∼ = F 11 . As H n can also be obtained by blowing G n along the curve {x 1 = y 2 = 0} on the exceptional cross section, we see that H n model interpolates between two vacua G n and G n+1 via blowing-up/down of exceptional divisors. The total Kähler cone is generated by e 1 , e 2 , e 3 and subdivided into six Kähler cones as shown in Figure 5 . The phase structure is summerized in Table 4 . {x 2 = x 6 = 0}∪ I (n + 1)e 1 + ne 2 + e 3 , {x 1 = x 5 = 0}∪ H n (n + 1)e 1 + (n + 1)e 2 + e 3 {x 1 = x 3 = x 4 = 0} e 1 , {x 1 = 0}∪ II e 1 + e 2 , {x 5 = x 6 = 0}∪ G n (n + 1)e 1 + ne 2 + e 3 {x 2 = x 3 = x 4 = 0} e 2 , {x 2 = 0}∪ III e 1 + e 2 , {x 5 = x 6 = 0}∪ G n+1 (n + 1)e 1 + (n + 1)e 2 + e 3 {x 1 = x 3 = x 4 = 0} e 1 , {x 1 = 0}∪ IV e 3 , {x 6 = 0} ∪ {x 2 = x 3 = P (1,1,1,n) (n + 1)e 1 + ne 2 + e 3 x 4 = x 5 = 0} e 3 , {x 1 = x 5 = 0}∪ V (n + 1)e 1 + ne 2 + e 3 , {x 6 = 0}∪ singular toric (n + 1)e 1 + (n + 1)e 2 + e 3 {x 2 = x 3 = x 4 = 0} e 2 , {x 2 = 0}∪ VI e 3 , {x 6 = 0} ∪ {x 1 = x 3 = P (1,1,1,n+1) (n + 1)e 1 + (n + 1)e 2 + e 3 x 4 = x 5 = 0}
The contents of the phase transitions are as follows.
• On the phase boundary between I and II, the divisor {x 1 = 0} ∼ = F n+1 (x 3 , x 4 ; x 6 , x 2 ) of H n contracts to the base P 1 (x 3 , x 4 ).
• On the phase boundary between I and III, the divisor {x 2 = 0} ∼ = F n (x 3 , x 4 ; x 5 , x 1 ) of H n contracts to the base P 1 (x 3 , x 4 ).
• On the phase boundary between I and V, the divisor {x 6 = 0} ∼ = P 2 (x 1 , x 3 , x 4 ) of H n contracts to a point.
• On the phase boundary between II and IV, the divisor {x 6 = 0} ∼ = P 2 (x 2 , x 3 , x 4 ) of G n contracts to a point.
• On the phase boundary between III and VI, the divisor {x 6 = 0} ∼ = P 2 (x 1 , x 3 , x 4 ) of G n+1 contracts to a point.
Recall that the gauge symmetry of G n model is localized at the world volume of the coincident seven-branes wrapped around the divisor {y 2 = 0}. The tension of the resulting three-brane is proportional to the volume of the divisor [28] . Thus at the phase boundary between II and IV (also between III and VI), where the volume of the divisor becomes zero, the bare gauge coupling diverses as described in the context of the strong coupling dual of the heterotic string realized by M theory on S 1 /Z 2 × Y 3 [38, 3] . Let us here describe the dual heterotic coupling and the gauge coupling in terms of the Kähler parameters of G n . Define the divisors of
The intersection pairings of them [26] are given by
The Poincaré dual of the Kähler form is expressed as
where l 2 is the radius of fiber P 1 fiber (y) and l 1 is the radius of the exceptional cross section {y 2 = 0} ∼ = P 2 (x). Then volumes of toric cycles are evaluated as follows.
We see that the heterotic coupling is given by
The phase boundary between II and IV is at l 1 = 0, where the gauge coupling g ∝ 1/l 1 diverges [38, 3, 28] . The phase I could be regarded as a non-perturbative heterotic vacuum [16, 31] where a source term of the Bianchi identity for 3-form field strength H (3) comes from a five-brane wrapped around a Riemann surface of Y 3 as pointed out in [38] . Indeed we have two P 1 fibration structures in H n over P 2 base , π i : H n → P 2 base , i = 1, 2, inherited from those of G n+1 and G n . The first P 1 fibration is defined by
The generic fiber of π 1 is P 1 , while the one over the point on the divisor
The second P 1 fibration is defined by
The fiber of π 2 over the divisor {x 2 = 0} ⊂ P 2 base is P 1 ∪ P 1 . Thus we could say that IIB compactification on a a P 1 fiber bundle is dual to a perturbative heterotic string, while one on a P 1 fibration which is not a fiber bundle to a non-perturbative heterotic string with five-branes. In our example, we can see the correspondence between F theory model and the dual heterotic string model more concretely. The second Chern class of the elliptic Calab-Yau threefold Y 3 is expressed as
where [Σ 1 ] represents the class of a rational curve on the cross section of the elliptic fibration π : Y 3 → P 2 , while [Σ 2 ] the class of a fiber elliptic curve. Although we don't know the precise way of dividing the second Chern class (4.10) above into those of two E 8 gauge bundles in the heterotic string dual to G n model, we may conjecture that the second Chern classes of two E 8 gauge bundles of the corresponding heterotic string have (18 ± n)[Σ 1 ] as their components and that the heterotic five-brane associated with H n model is partially wrapped around a Riemann surface Σ 1 on the cross section. It would be interesting to further investigate (0, 2) heterotic string compactifications on Y 3 and elucidate the relation to F theory models given here.
Flop Transitions
Blowing-Ups of G n Along a Point
In this section we present a few examples of the model which admits the flop transition [37, 1] and joins a dual heterotic string vacuum on the elliptic CalabiYau threefold over F 1 and that over P 2 . First let us take the toric threefolds defined by the data; is the P 1 (x 5 , x 6 ) bundle over F 1 (x 1 , x 2 ; x 3 , x 4 ). Acrossing the boundary wall between the phase I and II, the 2-cycle P 1 (x 1 , x 2 ) ∼ = {x 4 = x 5 = 0} of the phase I is contracted to a point and replaced by the 2-cycle P 1 (x 4 , x 5 ) ∼ = {x 1 = x 2 = 0} of the phase II. Thus the phase II is a flop of the phase I. As remarked in [35] , there appears the tensionless string carrying N = 2 supersymmetry at the flop wall. This string is obtained by wrapping the type IIB three-brane around the vanishing 2-cycle above.
On the boundary between the phase II and III, the divisor P 2 (x 1 , x 2 , x 6 ) ∼ = {x 4 = 0} of the phase II is blown down to a point. The resulting threefold of the phase III is precisely G n treated in the previous section. Thus the phase II is nothing but the blowing-up of G n along the point { x 1 = x 2 = x 6 = 0 }, which is contained in the exceptional cross section. In the same way, the blowing-up of G n along the point { x 1 = x 2 = x 5 = 0 }, which is not contained in the exceptional cross section, leads to the model with the following toric data.
There are three smooth phases as shown in Figure 7 . The phase I is a P bundle over F 1 and the phase III is G n . The phase boundary between I and II is a flopping wall. hence we have a tensionless string again there. We have seen in this section that a blowing-up of G n along a point gives a model which admits a flop transition. Its topology depends on whether the point is in the exceptional cross section or not. Note that the blowing-up of G n around a point treated here can be regarded as P 1 fibrations over P 2 , where the fiber over the one point is P 1 ∪ P 2 , thus the phase II is also dual to a heterotic string.
P
which we call O n . It has the structure of the P 2 fiber bundle over P 1 as;
For 0 ≤ n ≤ 2, O n model has generically completely broken non-Abelian gauge symmetry, while for 2 ≤ n ≤ 12 the Newton polytope of the elliptic CalabiYau fourfold over O n is reflexive and isomorphic to that of P (1,1,n,n,4(n+1),6(n+1)) [12(n + 1)], which admits a transverse hypersurface for n = 2,3,4,6,11 and 12.
We give the quantum numbers of models in Table 5 . There is an identification: O 1 ∼ = F 5 . The singularity type there means the one at the divisor {y 3 = 0} ∼ = P 1 × P 1 . Note that the rank of the vector multiplets (h 1,1 − 3) predicted in (2.7) doesn't contradict with the following identification of the non-Abelian gauge symmetries localized at {y 3 = 0}: G 2 (n = 4), F 4 (n = 5, 6), E 7 (n = 7, 8), E 8 (n = 9, 10, 11, 12), which are obtained from the singularity of the Weierstrass model. There is a remarkable similarity between the singularity of O n model and that of D=6 F n model analyzed in [28] . We also remark that O n model can be treated as a fiber-wise compactification [22] to P 1 base of D=6 P 2 fiber model which has the prescribed singularity at {y 3 = 0}; namely the parameters of the D=6 fiber theory cannot be chosen arbitrary.
with the excluded set E = {x 1 = x 2 = 0} ∪ {y 1 = y 2 = 0} ∪ {w 1 = w 2 = 0}. As B a,b,c has a structure of a P 1 (w) bundle over F a (x, y), this model is dual to the heterotic string compactified on the elliptic Calabi-Yau threefold over F a . Alternatively if we take the radius of P 1 (x) sufficiently large and regard B a,b,c as a F c (y, w) bundle over P 1 (x), this model can be analyzed as a fiberwise compactification of D=6 model on F c [27, 28] on P 1 as proposed in [22] . The toric data for the elliptic Calabi-Yau fourfold over B a,b,c realized by the Weierstrass model is as follows, We have observed that the Newton polytope of the B a,b,c model is isomorphic to that of W a,b :
Thus the spectrum of the model satisfying (7.3) can be computed by the Vafa formula of Landau-Ginzburg orbifolds [33] 
Upon the change of the variables over Z:
we obtain the well-known Newton polytope of W a,b : 
Quantum Numbers
In this subsection we present the physical Hodge numbers for some models. First we treat B 3,11,4 model. This model has been analyzed as a model of Sp 1 gluino condensation using fiberwise compactification technique of dual D=6 heterotic string which has generically an SO 32 zero-size instanton [22] . The Newton polytope of the B 3,11,4 model, which is isomorphic to that of W 3,11 model, is reflexive with nine facets and eleven vertexes and thus the physical Hodge numbers can be computed by the Batyrev formula (2.13),
Second we list a few examples of the spectra in Table 6 which can be computed by the Vafa formula using the above-mentioned isomorphism of the Newton polytopes. In this section we investigate in some detail the generation of superpotential due to type IIB three-brane wrapped around the divisor
We shall confine our attention to such divisors that
which is a divisor of X 4 , is a smooth elliptic threefold.
As the superpotential is generated by wrapping a three-brane around W 2 , we expect that its effect is depend only on the neighbourhood of W 2 in B 3 i.e., the normal bundle
In fact the elliptic threefold D in (8.1) is determined solely by the normal bundle N W 2 .
Here let us take G n model for example. It has a distinguished divisor;
which is the exceptional cross section. The normal bundle of this divisor is
and it is described as a non-compact toric threefold with the following data:
where f is the fiber coordinate and the excluded set is {x 1 = x 2 = x 3 = 0}. Restricting the Weierstrass model over the non-compact threefold O W 2 (−n) to the zero section {f = 0}, we arrive at the following toric data for the elliptic threefold D 3 over W 2 ,
This threefold is smooth only for n ≤ 3, and we deal with only such cases. The generalization of the above argument to any pair (W 2 , N W 2 ) of the surface and its normal bundle is straightforward. The elliptic threefold π : D 3 → W 2 is described by the following Weierstrass model over W 2 ,
where
Instead of discussing the general theory, it is appropriate here to treat the surface W 2 = F n , which often appears as a toric divisor. Let us define the line bundle O Fn (l[F ] + m[E]) on F n by the following toric data,
where [F ] represents the fiber divisor {x i = 0}, and [E] represents the exceptional cross section divisor {y 2 = 0} of F n [30] .
, then the elliptic threefold π : D 3 → W 2 is given by the Weierstrass model over F n where the charges of F and G with respect to (8.7) are (4(l + n + 2), 4(m + 2)) and (6(l + n + 2), 6(m + 2)) respectively. We present the toric data of the Weierstrass model in this case for convenience; We deal with only such cases. For the case of singular divisors see [23] . A divisor is called exceptional if it can be contracted without leaving any singularities on B 3 . The normal bundle of an exceptional divisor F n is of type m = −1. In fact, under the blowing-down the divisor contracts to P 1 as follows,
Detailed Analysis of Superpotential
Recall that we have presented the superpotential anomaly as an intersection pairing on B 3 in (3.2). However once we know the normal bundle of W 2 in B 3 , we can further reduce it to a intersection pairing on the surface W 2 as follows,
For the pair (P 2 , O P 2 (−n)), (8.11) gives
There are the two cases n = 1 and n = 2 that satisfy both the necessary condition [36] for the superpotential generation: χ(D 3 , O D 3 ) = 1, and the smoothness condition: n ≤ 3 of the previous subsection. According to [20] , there are the following cohomological relations for any smooth pair (D 3 , W 2 ) of an elliptic fibration (8.9);
Using these relations, we can see that both n = 1 and n = 2 cases satisfy the sufficient condition for superpotential generation: We can show using (8.13) that any divisor which satisfies the condition (8.15) gives rise to the superpotential. Thus all the exceptional divisors F n appeared in the blowing-up/down transitions of the Fano threefolds in Figure 2 contribute to the superpotential.
Change in Quantum Numbers by Blowing-Down
By computing the change in intersection pairing c 1 (B) 3 , we obtain the following formula for the increase of the Euler number under the blowing-down of F n with the normal bundle of type (−1, l) with l ≥ −2: Unfortunately ∆h 1,2 above is not always zero. A counter-example is the following: H 2 → G 2 , which is associated with the exceptional divisor F 3 of type (−1, −2) and has ∆h 1,2 = −1. We present for completeness the analogous formula for a blowing-down of exceptional P 2 to a point: Indeed the quantum numbers of the toric Fano models F n shown in Table 2 are in accord with the formulas (8.16), (8.17 ) and (8.18) with ∆h 1,2 = 0. We have also checked that the formula (8.17) with ∆h 1,2 = 0 can be used to the blowing-down: H n → G n+1 , where the exceptional divisor is F n of type (−1, 1), which satisfies (8.15) . Namely the physical Hodge numbers of the H n model is known from those of G n+1 model.
A Toric data for Fano Threefolds
We give the toric data of the Fano threefolds. The toric data of F 14 is as follows. The toric data of F 15 is as follows. The toric data of F 16 is as follows. Each of above three models has a structure of a non-trivial S 2 bundle over P 1 . The toric data of F 13 ∼ = P 1 × S 2 is given by The toric data of F 7 is given by Both F 7 and F 8 are non-trivial P 1 bundles over P 1 × P 1 . The toric data of F 9 is given by so that F 9 is isomorphic to P 1 × F 1 . The toric data of F 10 which is a P 1 bundle over F 1 is given by 
